
MATH 4573: CLASS PRESENTATION TOPICS

INSTRUCTOR: TYLER GENAO

Please email me your top 3 choices of presentation topics by Wednesday,
March 25, 2026.

1. Overview

Separate from the midterm and final exams, we will have class presentations near the
end of the semester. These will be 20 − 25 minute presentations. Through preparing
this presentation, you will have the opportunity to explore a topic that is not fully
covered in class.

You will have at least three weeks to work on your presentation. You can work on
and present your talk in pairs; you can choose to present on slides, on the chalkboard,
or a hybrid of the two. You can also incorporate a live code demo, depending on the
topic.

We will have presentations during the usual lecture time from April 20 - April 24,
as well as 1 or 2 additional days, either during that week – outside of the usual lecture
time – or before it. (We have 14 students enrolled in this class.)

Below is a list of possible topics you can present on, each with a short summary to
serve as a potential guideline for your presentation. There are a few additional topics
at the end of the document. All of these are suggestions for a topic; you can request to
present on other topics, but I have to allow it.

One purpose of these presentations is to present an unexplored, relevant topic in
elementary number theory to the class. In particular, your talk should not be too
technical, and should not assume background we will not cover in this course (unless
you intend to prove or explain it, but note the time constraint). You should do your best
to make your talk accessible – consider yourself a guest lecturer for that day! Please
see the course syllabus for an overview of the topics we will cover in lecture before the
week of class presentations. (You can also ask me.)

1



2 INSTRUCTOR: TYLER GENAO

Project Title Summary
Algebraic curves over finite fields Equations over a finite field F must always have

a finite amount of solutions over F – contrast this
to solutions for equations over Q. For example, an
elliptic curve y2 = x3+Ax+B over F will have a
finite amount of solutions, and the number of so-
lutions will explicitly depend on the the “Frobe-
nius automorphism” of F and a special polyno-
mial over C.
This project will explore counting other types of
plane curves and their points modulo p. See e.g.
Chapters 10 and 11 of [IR90].

Algebraic integers Just as Q is the ring of fractions of Z, for any fi-
nite degree extension F/Q there exists a “ring of
integers” OF whose ring of fractions is F , and
which satisfies a special type of unique factor-
ization for its “ideals” rather than its numbers.
Such rings are called algebraic number rings. For
example, the field Q(

√
2) has ring of integers

Z[
√
2] := {a+ b

√
2 : a, b ∈ Z}.

This project explores some of the properties of al-
gebraic number rings, as well as how their arith-
metic differs from Z. See e.g. [NZM91, Chapter
9], as well as the bonus exercises in HW 2 and
HW 3.

Binary quadratic forms A binary quadratic form is a two-variable polyno-
mial of the form f(x, y) := ax2+ bxy+ cy2, where
a, b, c ∈ Z. Fixing such an f , it is interesting to
ask which integers n ∈ Z can be “represented”
by f , i.e. f(x0, y0) = n for some x0, y0 ∈ Z. For
example, fixing f(x, y) := x2 + y2, we have sen
that a prime p ∈ Z+ is represented by f(x, y) if
and only if p = 2 or p ≡ 1 (mod 4), see [NZM91,
Lemma 2.13]. A more general result is [NZM91,
Theorem 2.15].
This project explores the general properties of bi-
nary quadratic forms, their connections to matri-
ces, and when they represent an integer n. See
e.g. §3.4− 3.7 of [NZM91].
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Project Title Summary
the Bunyakovsky Conjecture The Bunyakovsky Conjecture asks whether any

polynomial f(x) ∈ Z[x] satisfying three particu-
lar conditions will produce infinitely many primes
of the form f(n) where n ∈ Z+. When f has de-
gree one, this is a Dirichlet’s Theorem on Primes
in Arithmetic Progressions. It is open, however,
for all degrees ≥ 2.
This project explores these three conditions, and
their necessity. It also explores what is known
about the values f(n) for well-known polynomials
such as f(x) := x2 + 1 (see also the bonus exer-
cises in HW 2 and HW 3). This can include code
demonstrations with Sage.

the Chevalley-Warning Theorem Given a finite field F of characteristic p > 0 and
polynomials f1, f2, . . . , fr ∈ F [x1, x2, . . . , xn] in
several variables, it is interesting to ask how many
simultaneous solutions there are to f1, f2, . . . , fr
over F . Remarkably, the Chevalley-Warning The-
orem says that the number of solutions is always a
multiple of p if the sum of their degrees is less than
the number of variables: i.e. d :=

∑r
i=1 deg(fi) <

n. Thus, for example, having at least one solution
implies at least p solutions.
This project explores the proof of the Chevalley-
Warning Theorem, as well as what happens when
d ≥ n; see e.g. this paper.

Cubic Reciprocity Quadratic Reciprocity determines precisely when
the congruence x2 ≡ q (mod p) has solutions for
odd primes p and q. This is connected to the
“splitting behavior” of x2 − p modulo q, which
is connected to the splitting of p in the algebraic
number ring Z[√q∗], where q∗ ∈ {q,−q} is chosen
so that q∗ ≡ 1 (mod 4).
Similarly, there are higher laws of reciprocity. The
next simplest case is Cubic Reciprocity, which de-
termines when x3 ≡ p (mod q) has a solution.
This is connected to the ring of Eisenstein integers

Z[1+
√
−3

2
]. This project will explore the Eisenstein

integers and a proof of Cubic Reciprocity. See e.g.
[IR90, Chapter 9].

https://en.wikipedia.org/wiki/Bunyakovsky_conjecture
https://en.wikipedia.org/wiki/Chevalley-Warning_theorem
https://en.wikipedia.org/wiki/Chevalley-Warning_theorem
https://www.sciencedirect.com/science/article/abs/pii/S0723086921000207
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Project Title Summary
the discrete logarithm problem For any prime p, we know that (Z/pZ)× is cyclic,

i.e., that there exists a primitive root mod p. Equiv-
alently, there exists [g] ∈ (Z/pZ)× such that any el-
ement [a] ∈ (Z/pZ)× is a power of [g], i.e. a ≡ ge

(mod p) for some unique 0 ≤ e < p− 1.
Computing powers of g is rather straightforward.
However, given [a] ∈ (Z/pZ)×, it can be difficult
to determine the unique 0 ≤ e < p − 1 for which
ge ≡ a (mod p); such an e is the discrete logarithm
of a modulo p with respect to base g.
In this project, you will explore how the discrete log
problem is used in modern cryptography, and when
certain choices of p create security vulnerabilities.

Elliptic curves Elliptic curves E over a field F are often defined
by an equation of the form E : y2 = x3 + Ax + B,
where A,B ∈ F . Elliptic curves have applications
in number theory, algebraic geometry and cryptog-
raphy, and unexpected places such as physics. They
are particularly special algebraic curves, in that the
set E(F ) of their solutions over F forms a group
under a chord-and-tangent group law.
As it turns out, when F = Q the group E(Q) is a
finitely generated abelian group, which implies it is
isomorphic to a group of the form Zr ⊕ T , where
r ≥ 0 and #T < ∞. This project explores r (the
rank of the elliptic curve) and/or the finite group T
(the torsion subgroup of the elliptic curve). See e.g.
[LR11].
(In your presentation, you can assume basic famil-
iarity with the elliptic curve group law; we will have
covered this before presentations start.)

Fermat’s Last Theorem One of the most important mathematical theorems
proven in the 20’th century is Fermat’s Last The-
orem, which states that for all integers n ≥ 3 the
Diophantine equation xn+ yn = zn has no solutions
x0, y0, z0 ∈ Z+. Stated as a theorem in 1637 with
no proof, it has since been proven more than 300
years later using deep results in elliptic curves and
modular forms.
In this project, you will prove the first two cases
of Fermat’s Last Theorem: that x3 + y3 = z3 and
x4 + y4 = z4 have no positive integer solutions.
These two cases only require elementary techniques
to prove.

https://en.wikipedia.org/wiki/Discrete_logarithm
https://en.wikipedia.org/wiki/Discrete_logarithm
https://en.wikipedia.org/wiki/Fermat's_Last_Theorem
https://en.wikipedia.org/wiki/Fermat's_Last_Theorem
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Project Title Summary
Finite fields Generally speaking, doing arithmetic over a field is eas-

ier than over a general ring, since all nonzero elements
are invertible. However, fields come in many shapes
and sizes: for example, the ring Q of rational numbers
is a field, as well as Z/pZ for all primes p. Notice that
#Q = ∞, whereas #Z/pZ = p.
This project will study finite fields, including their con-
struction, uniqueness, elements and arithmetic. See
e.g. [IR90, Chapter 7].

p-adic numbers The ring of p-adic integers, denoted Zp, is a generaliza-
tion of the usual integers Z through an “inverse limit”
process: a p-adic integer is an infinite tuple of integers
(a1, a2, a3, . . .) where ai+1 ≡ ai (mod pi) for all i ≥ 1.
In this way, p-adic integers are like “infinite lifts” of
a system of congruences modulo powers pk. One can
study p-adic solutions to Diophantine equations as is
done in §2.6 of [NZM91]. As it turns out, these p-adic
solutions encode important information about rational
and integral solutions.
Just as Z has Q for its field of fractions, the ring Zp

has the p-adic numbers Qp. This project explores the
rings Zp and Qp and their construction, as well as their
differences from Z and Q. See e.g. [Gou20].

the Prime Number Theorem The Prime Number Theorem states that the number
of primes p up to a number x ≥ 0 is asymptotically

x
log(x)

. Differently stated, we have limx→∞
π(x)

x
log(x)

= 1,

where π(x) : R≥0 → Z+ counts the number of primes
up to x.
This project explores the history of the Prime Number
Theorem. If you would like, try to find and understand
an elementary proof of the Prime Number Theorem.
See e.g. [NZM91, Chapter 8], as well as the bonus
exercises in HW 2.
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Project Title Summary
Primes in arithmetic progressions Given any coprime integers a,m ∈ Z+, there are

infinitely many primes in the congruence class of
a modulo m, i.e., there are infinitely many primes
p with p ≡ a (mod m). This is Dirichlet’s The-
orem on Primes in Arithmetic Progressions. We
have proven the infinitude of the primes p ≡ 3
(mod 4) in HW 2.
This project will study other elementary proofs
for the infinitude of primes p ≡ a mod m, for
varying coprime a and m. See also the bonus
exercises in HW 2.

the ring of arithmetic functions Given two arithmetic functions f, g : Z+ → C,
it is not hard to see that their pointwise sum
f + g : Z+ → C is also an arithmetic function.
As it turns out, there also exists a “multiplica-
tion” operation on any two arithmetic functions
f and g, called the convolution; this is denoted as
f ∗ g. The set A of arithmetic functions has the
structure of a ring under these two operations; it
is called the Dirichlet ring.
This project explores the algebraic structure of
the Dirichlet ring (A,+, ∗).

RSA cryptography RSA is a public key cryptosystem: it uses a public
key to encrypt data, and a private key to decrypt
it. RSA exploits the general difficulty of factoring
the product pq of two large prime numbers to keep
encryption secure. Encryption and decryption is
done via exponentiation modulo pq.
This project explores the RSA algorithm. If you
have programming experience, you can also im-
plement the algorithm in Sage.

https://en.wikipedia.org/wiki/Dirichlet's_theorem_on_arithmetic_progressions
https://en.wikipedia.org/wiki/Dirichlet's_theorem_on_arithmetic_progressions
https://en.wikipedia.org/wiki/Dirichlet_convolution
https://en.wikipedia.org/wiki/RSA_(cryptosystem)
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Here are some additional topics to choose from:

• Exploring alternative proofs of Quadratic Reciprocity. See here for additional
proofs.

• Integral points on Diophantine planes in Rn, see [NZM91, §5.2].
• Arithmetic functions and formulas for φ(n), see [NZM91, Chapter 4].
• Quadratic Gauss sums (which have ties to Quadratic Reciprocity), see [IR90,
Chapter 6].

• Continued fractions and approximations (including Pell’s Equation), see [NZM91,
Chapter 7].

• Integer partitions, see [NZM91, Chapter 10].
• Computational experimentation with Sage, either towards open conjectures or
known results with an experimental flavor.
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